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ABSTRACT 
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The  probles  of  selection  of  the  population  with  the  largest  parameter  is 
considered  using  the  subset  selection  as  veil  as  the  indifference  zone  approach 
for  distributions  that  belong  to  a  location  or  a  scale  parameter  faaily.  The 
procedures  are  based  on  the  suss  of  cosbined  (Vilcoxon  type)  ranks  and  vector 


(Friedsan  type)  ranks.  The  least  favorable  configurations  are  obtained  in  an 


asynptotic  framework  under  certain  order  relations  between  the  gaps  of 


parameters.  The  asymptotic  theory  is  based  on  exact  moments  of  the  rank  sum 
statistics.  .  f^y'  JL,  K  '  ^  ^  •'  **'**2'~ 


at 


,  <L* : 
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1.  INTRODUCTION 

Let  IIj.  TT2*  . ..»  TTjj  be  k  independent  populations,  where  TIj  has  the  associ 

ated  cumulative  distribution  function  (c.d.f)  Gg(  (y),  i  =  1,2 . k.  It  is 

assumed  that  (Gg)  Is  a  location  or  a  scale  parameter  family,  i.e.  Gg  (y)  = 

G(y  -  0).  -00  <  0  <  °°,  or  Gg  (y)  3  G(y/0),  0  >0.  Let  the  ordered  0|  be 

denoted  by  0j|j  4  0£>j  4  ...4  9[|(]>  The  population  associated  with  0^]  is 

defined  to  be  the  best,  tar  procedures  for  selecting  the  best  population  are 
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based  oa  ranks  of  observations  froo  those  populations  In  the  location  paraaeter 


case,  and  on  ranks  of  the  abaoluta  values  of  the  observations  in  the  scale  pa¬ 
raaeter  ease.  For  an*  observation  V  froa  G  g  (y)  in  the  scale  paraaeter  case,  the 
c.d.f.  of  X  *  lYl  is  Fg  6c)  3  G(x/0)  -  G(-x/0).  For  convenience  of  presenta¬ 
tion.  ve  use  F g  6c)  to  denote  the  c.d.f.  of  lYi  in  the  scale  paraaeter  case  as 
veil  as  that  of  Y  itself  in  the  location  paraaeter  case  [i.e.  Fg  (x)  s  G(x-0)3. 
Thea  ve  have 

F^(x)  k  F^6c)  k  ...  k  Fg^Gc)  (1.1) 

for  all  x.  Ve  assuae  without  loss  of  generality,  that  is  the  best  population 
(I.e.  0^  k  0|,  i  *  1,2,. ...k-l). 

Let  Y|j.  Y|2*  ....  Y|n  be  n  independent  observations  froa  ITj.  i  *  1.2 . 

k.  Lst  XU  3  Yjj  in  the  location  paraaeter  case,  and  Xj j  *  lYjjl  in  the  scale 

paraaeter  case.  Ve  consider  rank  sun  statistics  baaed  on  eoabined  (Vilcoxon  type) 

ranks  as  veil  as  vector  (Friedaan  type)  ranks.  Let  tjj^  denote  the  rank  of  X j j 

(2) 

•none  all  kn  observations  in  the  eoabined  saaple  and  Rjj  denote  the  rank  of  Xy 
a  aong  Xjj.  ....  X^.  In  ranking  observations  in  a  group,  the  sail  lest  is 

given  rank  1.  For  a  -  1,2,  define 


(a)  n  (a) 

«i  "  Sa  £  *U  •  * 


and 


(a)  (a)  \ai 

|(a)  -  (Hj  .  .  )\  (1.3) 

where  c„j  *  1/n  and  Cjg  *  1. 

For  selecting  the  best  population,  ve  consider  both  the  subset  selection 
approach  of  Gupta  (see  Gupta  and  Panchapakesan  [5))  and  the  indifference  zone 


i  3  1,2, ... ,k. 


(a). 


(1.2) 


approach  of  Bechhofer  [3].  For  selecting  a  subset  containing  the  best,  ve  define 


the  following  procedures: 


(a)  (a) 

R(a,£,l)  :  Select  TT}  if  and  only  if  Hj  a  aax  Hj  - 


i  =  1.2.  *  0;  a,P  -  1,2. 


Here  P-  1  and  2  correspond  to  the  location  and  scale  cases,  respectively. 


The  use  of  these  rule  is  justified  by  Theorea  4.2.  A  correct  selection  (CS)  is 


said  to  occur  if  and  only  if  the  best  population  (in  our  case  TT^)  is  included  in 


the  selected  subset.  Our  aia  is  to  select  a  subset  satisfying 


inf  P(CS|R(a.*».D)  2  P*  (1.5) 

Q 

where  a.P  =  1,2;  1/k  <  P*  <  Is  Q  8  (0.  5  (  0] ,  0* . 0i<)5  0f€0.  i  «  1, 


2 . k).  6  is  a  real  line.  The  constant  d^  is  the  seal lest  nonnegative  nuaber 

satisfying  (1.5),  the  so-called  P*-condition. 


Using  the  indifference  zone  approach,  ve  define  the  procedures: 


R(a,/3,2)  :  Select  the  population  associate  with  Hrvi  as  the  best. 


In  this  case,  the  rule  R(a,/3,2),  a,P-  1,2  are  required  to  satisfy  the 


following  probability  condition: 


P(CSlR(a,  P  ,2))  i  P*  whenever  9  p  (  0^.  0j)  *  c^  ♦  5^ 
where  a,P~  1,2,  1/k  <  P*  <  1,  5^*  >  0  is  a  given  constant. 


i*®j)  = 


0  j  -  0  j  when  >3=1 


0  j/0  j  when  P  -  2 


0  when  P*  1 


1  when  »■  2. 


Selection  procedures  (using  both  subset  selection  and  indifference  zone 
approaches)  baaed  on  this  statistic  have  been  studied  by  aany  authors 
including  Lehaann  [9],  Bartlett  and  Goyindarajulu  [2],  Qupta  and  McDonald  [4], 
Puri  and  Puri  [15.18].  and  Alas  and  Ihospson  [1].  Also  procedures  based  on 
have  been  studied  by  McDonald  [12.13].  Matsui  [10]  and  Lee  and  Dudevicz  [8]. 

A  review  of  procedures  based  on  ranks  is  given  by  Gupta  and  McDonald  [8].  and 
Gupta  and  Panchapakesan  [7]. 

A  parasetric  configuration  vhich  gives  the  infiaua  of  PCS.  the  probability 

of  a  correct  selection,  is  called  the  least  favorable  conf igulation  (LFC).  It  is 

fairly  difficult  to  establish  the  LFC  for  both  rules  R(a,£.l)  and  R(a,£.2) 

using  statistics  H^.  j|®  and  is  still  an  open  question  in  general  (a,£  =  1, 

2).  The  counter  examples  of  Rizvi  and  Woodworth  [17]  and  Lee  and  Dudevicz  [8] 

show  that  the  configuration  0^  *  a  ...  *  in  the  case  of  subset  selection 

* 

rules,  and  the  configuration  *  p  {  ®k»  *  5  p 

in  the  case  of  indifference  zone  procedures,  do  not  yield,  in  general  the  infiaua 
of  the  PCS.  A  discussion  on  the  LFC  can  be  found  in  Gupta  and  McDonald  [6]. 

Our  purpose  in  this  paper  is  to  discuss  the  LFC  in  an  asywtotic  fraaevork. 

An  order  relation  is  assuaed  to  hold  between  the  "gaps"  of  para Raters.  This 
assuaption  is  siailar  to  those  considered  by  Puri  and  Puri  [15,16],  and  Alaa  and 
Thoapson  [1].  The  LFC's  of  the  procedure  are  studied  by  using  the  exact  ao Bents 
of  the  coabined  and  the  vector  rank  statistics  a  -  1,2,  for  location  and 

scale  para eater  cases  (P  =  1,2)  for  both  subset  selection  and  indifference  zone 


approaches. 


In  Section  2.  asymptotic  distribution  of  a  =  1,2,  are  considered 

under  the  assuaption  of  order  relation  between  gaps  of  parameters.  The  PCS  and 
LFC  are  investigated  in  Section  3.  Moments  results  are  given  in  Section  4  as  an 
appendix. 


2.  ASYMPTOTIC  PROPERTY 


2.1  Moments  of  Ranks 


Let  us  define  the  mean  vector  and  variance-covariance  matrix  of  H'1'  by 
(1)  (1) 

/!*j  and  Ap  according  as  ve  are  dealing  vith  location  C/3  =  1)  or  scale 
(P  =  2)  parameters.  Under  the  population  model  we  considered  in  Section  1,  the 
elements  of  and  A/3  ^  are  given  as  follows.  These  relations  are  obtained 

from  more  general  results  given  in  Theorem  4.1  of  Appendix 

=  kn/  G*dFj  ♦  1/2,  i  =  1.2 . k,  (2.1) 

'  k(3n-l)  /  C*dFj  -  2k(2n-l)  /  F,  G*dFj  ♦  k2  n  /  G*2  dF, 

-  k  /  H*dFj  -  k2  n(/  G*dFj)2  -  (n-1)  {  (/  F.dPj)2  -  1/12, 

a)  *"*  •  *  j. 

A  p  ij  = 

kn(2  -  /  FjdFj)  /  G*dFj  ♦  kn(2  -  /  FjdFj)  /  G*dFj 

"  nJj  /  •V*!  /  FmdFj  -  2kn  /  Fj  G*dF|  -  2kn  /  Fj  G*dFj 

,  -  /  FjdFj  /  FjdFj  ♦  /  Fj2  dFj  -/  Fj2  dP,  -  1.  i  <  j. 

(2.2) 


where 


G*(x)  =  (1/k)  £  F ,  (x) . 

J*1  J 

H*(x)  =  (1/k)  {  F,2  (x). 
J=1  J 
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In  cnM  of  vector  rank  R|j  ,  the  aoaents  results  ere  given  in  Mitsui  [11] 


(2)  (2) 

froe  which  ve  obtain  aean  vector  .  variance-covariance  aatrix  A.  p  of 


statistic  1' 


follows; 


UJ  * 

«  kn/  G*dFj  ♦  n/2.  i  =  1.2 . k. 

'  n[2k  /  G*dFj  -  2k/  Fj  G*dF.  ♦  k2  /  G*2  dFj 
C)  -  k  /  H^dFj  -  k2  ( /  G*<ff  j) 8  -1/12].  i  *  j. 

A  A  ij  *' 

n[k(2  -  /  FjdFj)  /  G*dFj  ♦  k(2  -  /  FjdFj)  /  G*dF; 

-If  F.dFj  /  F  dF  •  -  2k/  F,  G*dF;  -  2k/  F;  G*dF, 
„-j  a  l  a  j  j  i  i  J 

w  ♦/  FjdFj/  FjdFj  ♦/  Fj*  dFj  ♦/  Fj2  dFj  -  1],  i  *  j. 


Ve  assuae  the  followinc  relation  to  hold  between  the  saps  of  parameters: 


9  fi  (  0j.  Oj)  «  cfi  ♦  Kfi  u  n"1/2  ♦  oGf172).  P=  1.2. 


where  c^  is  siven  by  (1.0) ;  for  each  pair  (i, J) .  k  a  j j  depends  on  0-  and  0j 
and  is  increasins  in  0j  when  0j  is  fixed,  and  decreasins  in  0j  when  0*  is 


fixed,  also,  k  p  y  =  c  p  when  0j  =  0j . 


Then  putting 


^ij  ■  SKU  Fj  (x)dFj  (x)  -  /  Fi(x)<Fj(x)), 


we  obtain  the  foilowins  leans. 


For  ?£(0{.0j)  ( P  =  1.2)  given  by  (2.7),  ve  have  the  following: 


^ij  *  o(1)* 


where 


•.V.VA’V.S.V 


i 


JC ^ £ j  /  f2  (x)dx,  when  0=1, 

l  *2ij  Mdx*  when  ^  =  2, 


(2.10) 


i.j  =  l,2,...,k;  I  *  j. 

Exaaple: 

When  P(x)  is  H(0,1),  9  p  (6  j.0j)  given  by  (2.8),  ve  get 
Ilij  =  (1/2  /jr)Klu  +  o(l) 


and 


!2lj  *  C1/7T)  ic2ij  ♦  °<1). 

2.3  Asyptotic  Distribution 
Let  us  define 

Wj(a)  =  (i//Fr)(Hk(a)  -  Hj(a)).  o  =  1.2. 


(2.11) 


(2.12) 


(2.13) 


Then 


W(a)  =  (1/yn)  A  H(a)  ,  a  =  1.2,  (2.14) 

vhere  W(a*  =  (  Wj*®*.  W2*a* . Wk(a))',  A  =  (~E(k_i).  J(k))  (K-l)xk  and 

-(k-1)  is  8  unit  ■atrix  of  order  k-1»  *  (1.  1.  ....  1)’  kxi-  W<">  has 

(a)  .  ,  (a) 

■ean  vector  ip  ,  variance-covariance  aatrix  ip  such  that 

(a)  ,  (a) 

ip  =  (M/rT)  A  ip  (2.15) 


and 


(a)  (a) 

ip  =  (1/n)  A  A  p  A' 


Eleaents  of  ip  and  ip  are  given  by 

(o)  (a)  (or) 

7pi  =  (l//n)(J*pk  -  /*p|).  i  5  1.2 . k-1. 


(2.16) 


(2.17) 


(a)  ,  (a)  (a)  (a)  (a)  v 

<7pij  =  (1/n)  ( A  p  jj  -  A p  jk  -  A  pkj  ♦  A p kk  ),  i.j  =  1.2 . k-1 

(2.18) 
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(a)  (a) 

where  end  A  ^  y  ere  given  by  (2.1)  through  (2.6). 

Mow,  under  the  assuwtion  (2.7) ,  using  Leaui  2.1,  ve  have  for  £  =  1,2  end 

a  -  1,2, 


viV  *  tWTH  « /j|jFJdFk  -  n/J^dPj) 
"*  j|j  kj  '  Jx  iJ  *  /!  i  1 


(2.19) 


J^i 


Aiu  - 


A2ij  “*  i 


Consequently. 

(a) 

ff£ij 


where 


ip  ij  is  given  by 

(2.10).  Also, 

-k/12 

for  i  H  j 

(k2  -  k)/12 

for  i  =  j 

-(k  ♦  1)/12 

for  i  *  j 

(k2  -  1)/12 

for  i  =  j. 

va 

for  i  *  j 

2v 

a 

for  i  =  j 

k2  /12 

when  o=l 

k(k  ♦  1)/12 

when  a  =  2. 

(2.20) 


(2.21) 


Thus  by  applying  the  central  Halt  theorea,  we  have  the  following  asyaptotic 


distribution  of  V 


(a). 


W(ot)  *  h(JL<fl0r).xia)).  £  =  1.2 


(2.22) 


.  w(«)  ,-(«>  w  (a) 

where  JL/j  =  (7  p  i  .  7  fi2 


(a) 


•  •  •  •  • 


9  p  (K-l)^’  *lth  eleaents  given  by  (2.19) 


and 


(a) 


Zfi  s  va(^(k-l)  *  5(k-l)} 
»her#  fi(k-l)  =  -(k-l)-(k-l)* 


(2.23) 
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3.  PCS  AND  LFC 


Using  the  asyaptotic  distribution  of  (a,P-  1,2)  given  by  (2.22).  the 

PCS  for  the  rule  R(o ,  P  .a)  (a,P,a  =  l,2)  is  given  by 

(a) 

P(CS|R(a,/3,e))  =  Pr(W^  *  -  8(P  •■)  J^-i)) 


PrUJ/j  *  HLp  *  5(^.a)J(k_n)/.va}  (3.1) 


where 


5(/3.b)  = 


d^A/TT  when  ■  =  1 

0  when  a  -  2 


(a)  (a)  (a)  _ 

B/3  ~  ~  —  p  ^ * 


— /3  ~~  H(9(k-1)*  — (k-1)  4  —  (k-1)^  * 

and  a_  %  b_  aeans  that  1  la  a_/b_  =  1  as  n  -*  00 . 
n  n  n  n 

For  the  subset  selection  approach  (a  =  1),  since 


*  Pkj  '  KPU  *  0 


*° 

for  large  n,  we  have 

(1) 

ip  *  S(k-1)- 

Also,  for  indifference  zone  approach  (a  '  2) ,  with  the  specification 


9  p(ek,  0j)  t  Cp  ♦  Sp 


we  have 


(2)  f  (k  /  f 2  (x)dx)  /n  &*  i(k-l)  when  * 

ifi  * 

t  (k  /xf2  (x)dx)  /X  (  SgVd  ♦  S2*))  when  P=  2. 

Thus  we  have  the  following 
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Under  the  assuvtion  of  order  restriction  (2.7)  and  for  large  n,  the  (asymp¬ 


totic)  LFC  of  the  PCS  for  rules  R(a,£,l)  (a,fix  1,2)  are  given  by 

it 0 jj  =  0.  i.j  =  1.2 . k;  a,P*  1,2  (3.5) 

and  for  rules  R(a,  £  ,2)  (a,  fi  =  1,2)  are  given  by 

K  fiii  =  cfi'  i,j  =  1,2 . k_1*  1  *  J; 

*  fiki  s  c fi  *  ® fi  *  i  =  1.2, . . . ,k~l»  or , fi  -  1,2.  (3.6) 

Under  the  asyaptotic  LFC 

(a) 

P(CSlR(a,iB  ,.)  ;>  pr{U^  4  ((7  (fi  .a)  ♦  S(fi  ,m))//7^)  J(k_1} }  (3.7) 

where  vfl  is  given  by  (2.21),  8(fi  ,a)  is  given  by  (3.2)  and  7  (P  , a)  is  defined 
by 

7  (fi  .1)  =0  for  fi  =  1,2 

'  (k  /  f2  (x)dx)  /US*  for  P  =  1  (3.8) 

r(p  ,2)  = 

k  (k/  xf2(x) dx)  /n(  S2*/(l  ♦  S2*))  for  fi  =  2. 

The  expression  in  (3.7)  can  be  rewritten  as 

P(CS|R(or,  fi  ,a)  /<J>k-1{x  ♦  (7  (0  ,a)  ♦  5(0  ,a))4/^)d0>(x)  (3.9) 

for  a,fi,  a  =  1,2,  where  4>(x)  is  the  standard  noraal  c.d.f. 

Determination  of  the  d^  Values 

By  Theorem  3.1,  the  d^  values  can  be  asymptotically  expressed  as 
d^(n)  ♦  o(n1/2),  a ,  fi  -  1,2  (3.10) 

where  d  is  the  solution  of  the  following  equation: 

Q(d //T  ,  6//T . d/vT )  =  P*.  (3. 11) 

Q  is  the  joint  cdf  of  a  normally  distributioned  vector  (Vj,  V2 . V^.j) 

E(V.)  =  0,  Var(Vj)  =  1  and  Cov^-.Vj)  =  1/2,  i  *  j. 
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Determination  of  the  Miniaua  Coanon  Sample  Size 


In  the  subset  selection  approach,  let  S  denote  the  size  of  the  selected 
subset  and  Eg  [SIR]  the  corresponding  expected  value  when  subset  selection  rule 
R  is  applied  and  0  is  the  true  nature  of  status.  Then 


Eg  [SIR] 


■k 


P{  TI;  is  selected  |R) 


(3.12) 


Having  determined  dj (n)  from  (3.10),  one  may  determine  the  common  sample  size  n 
by  imposing  the  additional  requirement  that 


Eg  [SIR]  i  1  ♦  6  (3.13) 

for  some  0  <  e  <  k-1,  where  0  lies  in  a  given  proper  subset  of  the  parameter 
space  under  study,  for  example,  the  subset  defined  by  =  ®[2]  =  •••  = 

<?[k-l]  =  -  e  ^  for  location  parameters  case  and  G ]  =  0[2]  =  ...  = 

Ojk-i]  =  ®[k]^  *  A^)  for  scale  parameters,  where  >0  and  A^  >  0. 

Asymptotical ly  Relative  Efficiency 

Given  two  selection  procedures  Rj  and  R£,  the  (asymptotic)  efficiency  of  R2 
relative  to  Rj  is  defined  by 

Eff (R|,R2)  =  nj/ng  (3.14) 

where  the  n.  are  the  saaple  sizes  required  to  satisfy  P(CS|Rf)^p£  =  P*,  i  =  1,2. 
Then,  by  Theorem  3.1  and  (3.10),  we  have  the  following  result: 

Eff  (R(l,  P  ,1),R(2,  P  ,1))  =1,  P  *  1,2, 

Eff(R(a,l,l).R(a ,2,1))  =1,  a  *  1,2, 

Eff(R(l, P  ,2) , R (2, p  ,2))  =  k/(k  ♦  1),  P  =  1,2, 

Eff  (R(a  ,l,2),R(a  ,2,2)) 

«  (S^SgVd  ♦  S2*))2  (/  xf2(x)dx//  f2(x)dx)8  .  a  =  1,2.  (3.15) 
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4.  APPENDIX 


Let  k  papulation  ITj.  l^.  ••••  be  given,  there  fl|  has  the  associated 

continuous  distribution  F#(x)  (s  *  1,2 . k).  Take  observations  X^, 

Xs0  froa  population  7rg  (s  =  l,2....,k)  and  consider  the  coabined  (Vilcoxon 


type)  rank  of  as  stated  in  Section  1.  Then  the  aeans,  variances  and  co- 
variances  of  the  ranks  R^  are  given  in  the  following. 


Iheorea  4.1 

E®sj>  *  H  /  GdFs  ♦  1/2 

(4.1) 

Wgj)  *  2H  /  CdFs  -  2M  /  FsCdFs  ♦  H2  /  C2  dF# 

-  9/  HdF8  -  H2(  /  GdFs)2  -  1/12 

(4.2) 

^(Rsi.Rsj)  =  3H  /  GdF8  -  4M/  FsGdFs  -  J^/  FgdFs)*  *  1/12 

(4.3) 

COT®si'Rtj')  *  "0  *  /  FtdPg)  /  *  1,(2  "  f  W  1  “F* 

- J, 1  V.  !  FA  -  a  /  v».  -  a  /  V», 

•  /  FsdFt  /  RtdFs  .  /  Fs2dFt  .  /  Ft2dFs  -  1 

(4.4) 

where  s.t  *  1,2... ..k,  s  •<  t;  i,j  =  1,2 . na,  i  *  js  J*  =  1.2 . nt 

and 

» ■  l ». 

■=1 

(4.5) 

G(x)  =  (1/N)  {  n.  F_(x) 

B*1  ■  ■ 

(4.6) 

H(x)  «  (1/N)  l  n.  F 2(x) 

■=1  ■  ■ 

(4.7) 

Proof 


Ve  sketch  the  proofs  for  (4.1)  and  (4.3)  above.  The  reaalning  results  are 


obtained  siailariy. 


(4.13) 


•l  *  b,  ♦  c,  •  *).  i  «  1.2 . k 

1  li  *  I  -  1,  I  b>  *  t  -  s  -  1,  f  c  1 
J«1  *  fi\*  j*l  * 


*  B  -  t 


(4.14) 


and  ^  ■  a,  -  1  for  i  *  1,2,  ^  s  n>  for  1  *  3.4,..., k. 


Susan t ion  £  is  taken  over  all  tuples  (a^ . a^,  b| . b^,  Cj,  ....c^) 

which  satisfy  the  relations  (4.13)  and  (4.14).  Then 


Jt8‘  Pr(lll  s  s*  R12  = 

//lift  Pl(x.y)dF1(x)dF2(y) 
x<y  s7t  B  isl  1  1  1 


(4.15) 


where 


wiivn  v 

Pi (x,y)  =  (  ^  )  f]{U)  (Fi<y)-Fi(x))bi  (l-P^y))01,  i  *  1.2 . k. 

\ai’bi'ci/ 

By  chansins  the  order  of  suaaation,  first  for  s  then  for  t,  we  have 

I,  =  //  Z  I  C,  V  P^x.yJdF^xJdFjfy) 

1  x<y  s<t  B,  1  i=l  1  1  1 

where 

k"l  k-1  v*  k"l  v.t1  X 

C1  *  “1  *  »l  J.x  -J  *  Tl  jl,  bj  »  <  £  *J>a  ♦  <  &  *J><  %  bj) 

and 

®1  =  nk^k“^  Fk^Fk^  4  ^nk  Fk^  4  nk  Fk^  4  2 
*1  s  “k  Fk(x)  4  "k  FkW  4  3 
71  *  nk  Fk(x)  4  !* 

Sensation  ^  is  taken  over  all  tuples  (aj,  ....  a^j.  bj,  ....  b^.j,  Cj,  .... 
ck_i)  which  satisfies  the  condition  (4.13).  By  carrying  out  the  addition  in  turn 

for  a  set  (aj,  b.,  Cj).  i  *  k-l,k-2 . 1,  we  have  a  reduced  fora  of  Ij.  By 

proceeding  on  siailar  steps  for  I^s  t  Pr(Rjj  =  s,  R21  *  t),  we  obtain 
Cov  (Rj | , R21) . 


For  rank  auas 


r.  «  Z  R_|.  s  »  1 
a  Jsl  "sj 


,2, . . « ,k 


(4.16) 


VMS 


*  -  % 


ve  have 


E(TS)  a  ns  Efltgj).  8  =  1.2 . k 

Cov(Ts,Tt)  a  Hg  nt  CovtRgj.R^j.) ,  s.t  —  l(2t ••  xki  s  i*  K» 


and 


»<V  *  ^  V«sj)  *  £  C««si-*sJ> 


(4.17) 

(4.18) 


=  Hns(3ns-1)  /  GdFs  -  2Nns(2ns-l)  /  FsGdFs  ♦  N \f  G2dFs 

-  Hn_/  HdF_  -  vhiAJ  GdFJ2  -  n^-1)  l  n ,( /  F.dFg)2  -  r^2  /12. 

1=1  (4.19) 


Especially,  if  Fj(x)  =  F(x)  for  all  1,  then  ve  have 

E(T_)  =  n(H+l)/2,  (4.20) 

V(TS)  *  ngOl-ng)  (H*l)/12,  (4.21) 

Cov(Ts.Tt)  =  -nsnt(H*l)/12.  (4.22) 

Also  for  k  *  2.  ve  have  the  following: 

E(T|)  =  n j (nj ♦l)/2  ♦  /  Fj^j.  i.j  *  1.2:  J  •*  i  (4.23) 

V(Tj)  =  njnj(2n.”l)  /  FjdFj  +  njnjOij-l)  /  Fj2  dFj 


♦  njnjOij-l)  /  Fj2dFj  -  njnj(nj^nj-l)  (  /  FjdFj)2  -  njnj(nj-l) 

i.j  =  1,2:  i  *  j,  (4.24) 

CovCTj^)  ~  nin2^1  ^  ^1^2  *  n2  /  F2dFj  ■  /  Fjdp2  /  l^dFj 

-  (nrl)  /  Fj2  dF2  -  (ng-l)  /  F22  dFj  -  1].  (4.25) 

Finally,  ve  state  an  order  relation  for  the  expected  rank  sub.  Let  (Fg  (x) ) 
be  a  fanily  of  distributions  stochastically  increasing  in  9.  Then  ve  have  the 
following. 

Theoreg  4.2 


E(RS)  A  E(R^)  if  and  only  if  Ps  i  Ft  where  s,t  =  1.2. .... k. 

ix 


a 
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